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M O D E L I N G  O F  E Q U A T I O N  F O R  T H E  D I S S I P A T I O N  

R A T E  O F  R E Y N O L D S  S T R E S S E S  

E. P. Sukhovich UDC 532.517.4 

All the correlations involved in the equation for the rate of dissipation of kinetic turbulence energy are 

modeled. Approximations derived earlier are used as model relations. Modeling is performed by direct 

comparison of the approximations with the correlations obtained as a result of a numerical solution of the 

Navier-Stokes unsteady-state equations. The form of the approximations and the empirical coefficients are 

determined. Approximations for correlations involved in the equation for the tensor dissipation function are 

obtained. A new equation for the rate of turbulence-energy dissipation is proposed. The results of the work 

can be used to determine the Reynolds stresses in second-order turbulence models. 

Introduction. T h e  velocity field in tu rbulen t  flow can be described using the Navie r -S tokes  uns teady-s ta te  

equations. An exact numerica l  solution was ob ta ined  for flows in which the turbulent  Reynolds  number  was 

comparatively small I1 ]. T h e  ratio of the scales of large and small vortices increases with it. To describe small-scale 

motion with acceptable accuracy,  we have to increase the number  of points of the grid. Under  these conditions, 

different  turbulence models are  used for solution of the applied problems of hydrodynamics ,  since even for moderate  

tu rbulen t  Reynolds  numbers ,  the power of the available computers  turns out to be insufficient to solve the 

Nav ie r -S tokes  uns teady-s ta te  equations. 

Second-order  turbulence  models are the most popular at present. A method of their  construction was 

proposed in the early seventies [2 ]. The  essence of this approach is that the Reynolds  stresses must be determined 

from exact equations for the second single-point moments 

DRq 
Dt = FU + P6 + ~Pij - 2eij + Dq, (1) 

In Eq. (1), convective transfer  and genera t ion  processes are described accurately. The term that  contains 

the pulsations of the external  force depends on its form. For stratified flows, this term is known. T h e  terms that 

contain the correlations of pressure pulsations and  dissipation and diffusion terms must be modeled,  since they 

contain unknown correlations of a higher order .  

In [2 ], the results of investigations per formed before 1974 are generalized and a complete second-order  

turbulence model is proposed. To model the correlat ion ~bi], use was made of the earlier  Rott formula. In subsequent  

works [3, 4 ], a general form of the approximation for qb 6 was obtained using the method of invariant modeling and 

the realizability condition. The  unknown coefficients involved in the relation for ~bij were determined based on the 

data of direct numerical simulation (DNS) in [5, 61. The approximation of the diffusion term is based on the 

hypothesis  of the gradient  nature  of turbulent  diffusion. To determine eli, use was made of the Kolmogorov 

hypothesis  of local isotropy of the velocity field, in accordance with which a tensor  dissipation function is de termined 

from the relation eij = e(3iy/3). However, the da ta  of direct numerical modeling of flow in a boundary  layer  showed 

[7 ] that the assumption of local isotropy of small-scale motion is not fulfilled, at least, for small and moderate  

turbulent  Reynolds numbers .  In [8, 9 ], the Nav ie r -S tokes  equations in the Fourier  space are ana lyzed  and the 

following conclusion is drawn: anisotropy of turbulence in large-scale motion induces anisotropy of turbulence in 

small-scale motion for any  Reynolds numbers.  
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The first a t tempts to allow for  the anisotropy of dissipation processes in turbulent  flows were made only 

in recent years.  In [10 ], an algebraic relation for eq was proposed. An exact differential equation for the tensor 

dissipation function eli that  can be der ived from the Navie r -S tokes  equations is used in [11-14 ]. It contains a 

number of unknown correlat ions of a h igher  order  that must be expressed in terms of the known correlations. Only 

after this can it be used for numerical  calculations. To model these correlations,  universally accepted methods dating 

back to the works by Kolmogorov and  Rott  and new techniques, in particular, the method of invariant modeling, 

were employed. 

The present  work seeks to model  the unknown correlations in the equation for a tensor  dissipation function. 

The relations of [11-14] are taken as the initial approximations. To determine the unknown coefficients and to 

select an acceptable form of approximat ion,  we used the data of direct numerical modeling of developed turbulent 

flow in a channel  [1 ]. Special a t ten t ion  was paid to the approximation of the individual terms of the equation for 

the dissipation rate in strongly anisotropic turbulence. Unlike in earl ier  works, the form of approximation and 

empirical coefficients were de te rmined  by direct comparison of the general form of the approximation for the 

correlation sought with the data of DNS. 

1. Basic Equations.  The  exact  equation for the tensor dissipation function has the form 

Dei/ 
Dt = F(e)q + P(el)q + P(e2)q + P(e3)q + P(e4)q + l-I(e)q + D(e)q + T(e)q -- Y(e)q. (2) 

In Eq. (2), there  are five different  terms that describe the generat ion of the tensor of dissipation rate: F(e)ij, 
P(el)i], P(e2)ij, P(e3)ij, and  P(e4)ij. T h e  term Fl(e)i j determines the redistr ibution of eli in terms of pressure pulsations, 

Y(e)q determines the ductile f racture  of small-scale vortices, and D(e)ij and  T(e)q describe the viscous and turbulent  

diffusions of eij, respectively. 

Within the framework of the complete second-order turbulence model,  the correlations P(~I)ij and D(e)ij are 

expressed in terms of the known correlat ions and therefore require no modeling. The  remaining terms in the 

right-hand side of Eq. (2) contain t h e  unknown correlations, which must be expressed in terms of the known 

correlations in order  to obtain a closed system of equations. The  state of modeling of the written correlations is as 

follows. In [13], Eq. (2) was modeled  for uniform turbulent flow, in which the diffusion terms and the term 

P(e3)ij are zero. The  t e r m s  I-I(e)i j, P(e4)ij, and Y(e)ij w e r e  not modeled separately but an approximation for the 

difference of the terms (P(e4)ij - Y(e)ij) was proposed. Approximations for Fl(e)ij, P(e2)ij, and Y(~)ij are proposed in 

114 ]. The  results of the modeling were  not compared directly with the data of DNS in the above works. 

An exact equation for the scalar  dissipation rate can be obtained by convolution of Eq. (2): 

08. 
D---I = Fe + Pel + Pe2 + Pe3 + Pe4 + FI~ + T e + D e - Y,:, (3) 

where all the terms are the result  of convolution of the corresponding terms of Eq. (2). In [12], approximations 

for the terms Pe3, Te, and the sum of the terms (Pel + PE2 + Pe4 - Ye) are proposed. The  terms written in 

parentheses were not modeled separate ly .  The results of the modeling were compared with the data of DNS. 

According to the results of the comparison,  the authors draw the conclusion that the model proposed has advantages 

over the known equation for the dissipation rate. We note that in this approach to modeling, the probability exists 

that the model for the sum of the terms (Pel + Pe2 4- Pe4 - Ye) could describe rather  well the data of DNS for 

flow in a channel  but in doing so be unsuitable for description of o ther  flows. 

2. Models for  the Unknown Correlations.  To model the unknown correlations in Eq. (2), the authors of 

111] used the method of tensor  approximation.  Its essence is that  the tensor of the unknown correlations is 

expanded into a series with allowance for the symmetry of indexes in terms of the basis of the known correlations 

obtained from the initial tensor  by convolution. The  character of the relationship between the tensor  sought and 

the basis was assumed to be linear. T h e  tensor equalities were writ ten using tensor coefficients, whose form was 

determined using the theory  of invariants .  As a result of modeling,  the following relat ions for the unknown 

correlations are obtained: 
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r ~ r 
-5 F(O~ ] = _ -~  (g: ( , ) ]  + g:( , )~) ,  
e v W  a e  

(4) 

--2 P(el)i] = - - -  Uj,k + Ui,k , 
E g g 

P(e2)i] = - a l  - -  (Ui,] + U],i) + a2 - -  Uj, k .-t- Ui, k + - -  Uk, j + Uk, i , 
g E E E 8 g 

K 

-'2 P(e3)i] = -- 1: [ ( ~ K , k  + ~2Rmk ,m)  (Ui,k] + Uj,ki ) + ( ~ l g k i , m  - ~Rkm, i  ) U],km + (~ lRk] ,m  -- 
E 

-- ~Rkm, ]  ) Ui ,km + (~K,i  + ~2Rrni ,m)  U],kk + (~K, j  + ~ 2 R m j , m )  Vi ,kk  l , 

(5) 

(6) 

(7) 

K 
--2 P(e4) / j  = Yl + YZS/ j ,  
s 

(8) 

K 
--2 Y(oi] = Y3di] + Y4(~ij, 
E 

(9) 

- j  T(e)ij = Cs2 (Rkmei],m + Rime]k,, n + Rjmeik,m ) , 

,k 

K 2 
~ l-I(O~: = -~ ~ (e~ku:'~ + E/kU~'k -- 3 e ~ U m ' " a ~ / )  + ae` ( e ~ U k ' / +  e/~Uk'~ - 

_ 23 enmUn'mai]) + a3ee (Ui'] + U]'i)] + 75du" 

T h e  approximations for the terms of Eq. (3) can be obtained by convolution of Eqs. (4)-(11): 

K eik K 
- 2  PE1 = --  2 - -  - -  Uk, i , 
E E 6 

(lO) 

(11)  

(12)  

Pe2  = 2a2PEI  , (13) 

2 e3 -- 2v K [(~lRki ,rn ~Rkm, i  ) Ui,k m _ (~K,  i + ~2Rmi ,m)  Ui ,m m ] 04) 

K 
2 - P e 4  = 3 7 2 ,  
E 

(~5) 

K 
--~ Ye = 3y 4 , 
E 

(16) 
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--~ Te = Cs2 (Rkme,m + 2Rimeik,rn) , (17) 
C E ,k 

r L = o .  (18) 

A general  form of approximat ions  for unknown correlations is obta ined in [11 ]. T h e  empirical  coefficients 

involved in the approx imat ions  were not determined.  Approximation relat ions obtained in [13 ] have approx imate ly  

the same form as re la t ions  (5)-(18).  

Unlike in [11, 13 ], an equation for double-point  correlation of velocity pulsations was writ ten in [141. Its 

analysis  showed that  we can introduce a tensor  that characterizes the integral  scale. For this tensor,  we can write 

a corresponding different ial  equation that contains five independent  coefficients. In 114 ], the coefficients of the 

equat ion for the scale  were de te rmined  and  the method for t r ans forming  it into the equat ion for  the tensor  

dissipation function was shown. Approximat ions  that are somewhat different  from the above  were obta ined as a 

result of this invest igat ion [14 ]. In particular,  the approximation for P(e2)/j has the following form: 

- ~  P(e2)ii  = 2.5  - -  2 -  - - 3 i ]  (4 + 14al) + 5aod ~ PeI , (19) 
e e e 15a o e 3 e 

K Pk  1 K 
--~ P~x = 2.5 - - -  [15a o + (4 + 14al) l -~  P~I , (20) 
e e 15a o e 

where 

ao = O.05 , a l = 0 .  (21) 

The approx imat ions  proposed are  tested indirectly in [13, 14 ]. For this purpose,  the differential  equation 

(1) s imultaneously with the corresponding approximations for r and  D q  and Eq. (1) with t h e a p p r o x i m a t i o n s  

written above for  the te rms  of this equation were solved for homogeneous flow with a cons tant  velocity shift f o r  

flow in a channel  and  for  some other  flows. Next ,  the results of the calculations were compared  with the data of 

direct numerical model ing  of those flows. We note that  numerous approximat ions ,  each containing several  empirical 

coefficients, are involved in Eqs. (1) and (3). Under  these conditions, an incorrect descript ion of one correlat ion 

can always be compensa t ed  for by the coefficients involved in the approximat ions  for o ther  correlat ions.  There fo re  

based on this compar i son  we can infer that  the total action of all the above approximat ions  permits  calculation of 

one or another  flow with one or ano ther  degree  of accuracy. It is quite impossible to make  a conclusion about  the 

exactness of each approximat ion  writ ten above. 

An a l ternat ive  approach is as follows. To  evaluate the exactness of relations (4) - (21) ,  we need to direct ly 

compare  the data  of DNS with the results of calculations by the corresponding approx imat ing  relation for each 

correlation involved in Eqs. (2) or (3). Up to now, direct comparisons of this type have not been performed;  

therefore,  the prob lem of selecting an approximat ion out of the approximat ions  written above and  of the coefficients 

involved in these  approximat ions  remains  to be solved. 

Data  of  D N S  for  Developed Flow in a Channel.  It has been shown in the previous section that ,  for the 

same correlation, approximat ions  that  differ  from each other are proposed in different  works.  To  evaluate the 

exactness of different  approximat ions ,  we use the data of direct numerical  modeling of developed flow in a channel  

[1 ]. Figure 1 shows the distributions of the components  of the dissipation tensor along the t ransverse  coordinate.  

They  differ ra ther  s t rongly  from isotropic values, which can be de te rmined  from the relat ion 

1 (22) eq = ~ efJq. 

The  deviation f rom isotropy increases as the wall is approached. Figure 2 shows the dis t r ibut ions of correlat ions 

involved in the equat ion for a scalar rate of dissipation. All the quantit ies are made d imensionless  by division of 
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Fig. 1. Distribution of the components  of the tensor eli in channel .  
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Fig. 2. Data of DNS for correlations in the equation for the rate of dissipation 

of turbulence kinetic energy. 

the corresponding term by U~r/v 2. From the figures it follows that the terms Pe4 and Ye predominate  in the equations 

for the dissipation rate. However, in the vicinity of the wall, the contribution of the terms of generation Pel and 

P n  becomes substantial.  On the wall itself, the term Ye is balanced by viscous diffusion De. The  small terms Pe3, 

Te, and De are  shown in Fig. 2b. The  term HE is negligibly small in the entire region of the flow. 

4. Results of Modeling. Da!a for correlations contained in Eq. (2) are not given in [1 !. Therefore ,  for  

modeling we can use only the correlations that are involved in (3) for the dissipation rate e. We obtained some 

information on the coefficients and the form of the approximations for the correlations P(el)ij, P(e2)ij, P(e3)ij, 

P(e4)ij, I-I(e)ij, Y(e)ij, T(e)ij, and D(e)iy with allowance for the fact that the terms of Eq. (3) are  convolutions of the 

corresponding tensors of Eq. (2). 

C o r r e l a t i o n  P(el)iy. Relations (5) and (12) for P(el)iy and P(el) are exact and because of this there  is no 

need to model  them. Comparisons of the data of DNS with the results of calculations by formula (12) given in Fig. 

3 suggest that  the agreement  of the data of DNS with calculation is rather  good, especially in the wall region of 

the flow. Away from the wall the effect of this term is small. 

C o r r e l a t i o n  P(ea)ij. To model this correlation, the authors  of l11, 13, 141 propose to use approximations 

(6) and (19). The  corresponding approximations for the correlation Pea have the form of (13) and (20). Figure 4 

shows a comparison of the data of DNS with the results of calcu la l ions  by the formulas proposed. From the figure 

it can be seen that  approximations (13) and (20) describe unsatisfactorily the results of direct numerical modeling. 

Processing of the data of DNS showed that their  best description can be obtained when we use approximation (20) 

in the form 

K P~ (23) 
--~ Pe2 - 
C 

Accordingly, for the approximation of the correlation P(e2)ij, we can recommend the relation 

K ~ Pk (24) 
-2  P(e2)q = 
E /3 

C o r r e l a t i o n  P(e3)q. The data of Fig. 2 indicate that  this correlation is small as compared to other  terms of 

Eq. (3). For  it, approximation (14) is proposed in [11 ] which in a rectangular coordinate  system takes the form 
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Fig. 3. Compar ison of the resul ts  of calculations with the da ta  of DNS for the 

correlat ion P~I: 1) data  of DNS;  2) calculation by formula (12). 

Fig. 4. Compar ison  of the  resul ts  of calculations with the da ta  of DNS for the 

correlat ion P~e: 1) data  of DNS;  2) calculation by formula (23); 3) by formula 

(20) ; 4) by the model of [ 13 ]. 

K . ( 2 s )  --2 P(ea)xy = - 2 (~l - ~2) Rxx,yUx,yy 
g 

Figure 5 shows a comparison of the data of DNS with calculation by formula (25) for (~l - ~2) = - 0 . 5 .  According 

to the figure, approximat ion  (25) descr ibes  unsatisfactori ly the results of direct  numerical model ing;  therefore,  

allowing for the small contr ibution of this correlat ion to the total balance of the equation of conservat ion of the 

dissipation rate, we can as sume  P(E3) = 0 as a first approximation.  

Correlation P(t4)ij. From the dis t r ibut ions of Fig. 2a it follows that  the correlation Pe4 is the main  source 

term in the equation for the dissipation rate .  We note that practically all second-order  turbulence models use 

current ly  an equation for the dissipation ra te  in the form 

2 

D----t = -~ Pk -- Ca2 --~ + Ce RU e , j  ,i (26) 

where Ctl = 1.45; C~z = 1.9; C~. = 0.15. 

Equation (26) is obta ined based on intuitive notions that the t ime variation in the dissipat ion rate  is 

de termined by a source term that  is proport ional  to the generat ion of turbulence energy, the runoff  term, and the 

diffusion term. In relat ion (26), it is a s sumed  in implicit form that 

K Pk 
--2 P,:4 = Cel - - "  (27) 
c e 

Approximations (8) and  (15) proposed in |11 ] differ fundamental ly  from expression (27). The  scalar  coefficients 

Yl and  72 can, in principle, depend on the sca lar  invariants Pk _~ --f-, Pel, X1, Ilb, lllb, Fb, or lla, I l ld,  and  Fa. 
E 

Processing of the results  of DNS showed that the dependence  of the coefficient 72 on the above invar iants  

can be sought in the form 

K Pk 
3Y2 = al -2-Pel + a 2 -  + a3Xl + aaFb" (28) 

g E 

To determine the coefficients ai, we used the  data of Fig. 2. As a result  of analyzing,  we obta ined the following 

coefficients: 

a I = 1.75 ; a 2 = 3.4 ; a 3 = - 0.29 ; a 4 = 3 .6 .  (29) 
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Fig. 5. Comparison of the results of calculations with the data of DNS for the 

correlation Pe3: 1) data of DNS; 2) calculation by formula (25). 

Fig. 6. Comparison of the results of calculations with the data of DNS for the 

correlation Pe4: 1) data of DNS; 2) calculation by formulas (15) and (28); 3) 

by formula (28); 2) by formula (27). 

K 
Figure  6 shows the distribution of the function -~Pe4 across the thickness of the boundary  layer, from which 

e 

it follows tha t  in the ent i re  region of the flow the data of DNS are in good agreement with calculation by formulas  

(28) and (29).  From the figure it can be seen that calculation by formula (27) can cause a large error. Thus ,  to 

calculate the  correlations considered, we can recommend approximations (8) and (15), whose coefficients are  

de te rmined  by relations (28) and (29). Equation (28) makes it possible to calculate only the coefficient Y2- For  

de te rmina t ion  of )'1, addit ional  investigations are required. 

Corre la t ion  Y(e)ij describes the ductile fracture of small-scale vortices. In 111 ], it is recommended to use 

approximat ions  (9) and (16) for the correlations Yff)ij and Y~. In accordance with Eq. (27) an approximation tha t  

coincides completely with relation (16), provided that 3)'4 = C~2, is proposed in 12] for determinat ion of the 

correlat ions Y~. The dependence  of )'4 on scalar invariants was sought in the form 

K Pk 
3)'4 = bl --~ Pel + b 2 -  + b3Xl + b4Fb" 

E C 

(3o) 

As a resul t  of numerical optimization we obtained the following coefficients of expansion: 

b I = 1.35; b x = 3 ;  b 3 = - 0 . 0 6 ;  b 4 = 5 . 6 .  (31) 

Figure  7 compares the data of direct numerical modeling with the results of calculations by formula (16). 

Correlat ion FI(E)ij. Since the correlation 1-I(~) is under  0.001 at all points across the boundary layer  (Fig. 

2b) it is appropr ia te  to take 

= o .  ( 32 )  

T o  determine I-I(~)i], we can use approximation (11) or (21), which contain a number  of the unknown 

coefficients. T h e  latter can be determined from the data for the distributions of eli. 

Correlat ion T(E)i]. The  approximation for this correlation is written in (10). For determinat ion of T~, the re  

is express ion  (17) and a simpler relation written in (26): 

j r ,  = r 
E ,k 

(33) 

Having compared  the data  of DNS with the results of calculations by the above formula, the authors of [1 ] found  

that fo rmula  (33) describes satisfactorily the available data. Fur thermore ,  this correlalion is small as compared  to 

the r emain ing  terms of Eq. (3). Therefore  we can recommend relation (33) for using in numerical calculations. 
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Fig. 7. Comparison of the results of calculations with the data  of DNS for the 

correlation Ye: 1) data of DNS; 2) calculation by formula (16); 3) by the 

model of [2 ]. 

Correlation D(~)i j. T h e r e  is no need to model this correlation within the framework of the complete second- 

order  turbulence model since, it does not contain any unknown correlations. For calculations, we can use the 

relations written in (2) and (3). 

Thus,  we obtained approximations for all the correlations involved in the equation for the rate of dissipation 

of kinetic turbulence energy.  As a result of modeling, we have a closed equation for the dissipation rate: 

De 
Dt  - F~ + Pel + Pc2 + Pe3 + Pc4  + l~e + Te + De -- Y~:, (34) 

2fly P ~ e 
Fe v + a gie(Q i ' Pel = 2eikUk,i , Pe2 K Pe3 = 0 li  e = 0 ,  

E E 
Pe4 = 3Y2 ~ "  Ye = 37 4 -~ ,  De = ve kk ,  Te = Ce (Rkme,m) ' 

,k 

where 3y2 and 374 are de te rmined  from relations (28)-(31) while C~ = 0.15. 

The data of Fig. 4-7 show that Eq. (34) can be used in the entire flow region. And where  the velocity 

gradients and the anisotropy are  small the terms of the equation Pe3, lie, Te, and De are negligibly small. In the 

vicinity of the wall and in flows with a high degree of turbulence anisotropy, these terms yield a pronounced 

contribution to the total balance of the equation for the dissipation rate. 

The  analysis of relat ion (34) simultaneously with the approximations shows that in flows with a low 

anisotropy of turbulence the balance of the equation for the dissipation rate will be determined by the terms Pe4 

and Ye, which, in turn,  depend  on the generation of turbulence energy, the normalized velocity gradient ,  the 

generation of the dissipation rate,  and the degree of turbulence anisotropy. In the process of modeling of the 

equation for the dissipation rate  e, we obtained some data on the form of the approximations for  correlat ions 

involved in the equation for the tensor  dissipation function eli. Furthermore,  we determined the coefficients of the 

approximations mentioned.  T h e  coefficients that remain unknown must be found as a result of a more  detailed 

investigation of the equation for el. i. 

Thus ,  based on the da ta  of direct  numerical  model ing [ l l  we obta ined  approximat ions  for  all the  

correlations involved in the equation for the rate of dissipation of kinetic turbulence energy. Earl ier  in numerical  

calculations use was made of an equation for the dissipation rate that is based on intuitive notions. Comparison of 

the results of calculating the individual terms of this equation with the data of DNS showed that the approximat ions  

for the unknown correlations are  in poor agreement with the data of direct numerical modeling. Th is  shows that  

the known equation for the dissipation rate cannot be recognized as satisfactory. Unlike it, in this work we modeled 

each correlation involved in the exact equation for the dissipation rate. The approximations obtained describe with 

a high degree of accuracy the data  of DNS for developed flow in a channel. It can be assumed that  the proposed 

equation will be more exact and,  possibly, more universal. To confirm this, we need to test the proposed equation 

with reliable experimental  results  for flows of different types. 
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N O T A T I O N  

R q  = (u/uj) ,  single-point correlation of velocity pulsations; Fij = (u~j)) and F(r)i  = (Tfi), terms of generation 

due to the action of the external force; Pq = - ( R i k U k j  + RjkUk,i) , term of the generation of Reynolds stresses by 

the average velocity gradient; q~q -- ( ( p u q ) +  (puj , i )) /p,  term that  contains the correlations of the rates of 

deformation with pressure  pulsations; eij = v(ui,kULj ), t e n s o r  of d iss ipa t ion  ra te ;  Dii = --[(uiujuk) + 

+ ((PUi~Sjk + (PUj~Sik) -- v(uiuj),k 1,k, diffusion term; ui, fi, and p, pulsations of the velocity, the external force, and 

the pressure; p, density; v, kinematic viscosity; 6q, Kronecker symbol, the angle brackets denote averaging, the 
D 0 O 

comma preceding the subscript denotes differentiation; - ~  = O--t + U~-ff-~, U k, averaged velocity; t, time; the 

correlations involved in the equation for the tensor of dissipation rate are: F(e)q = v((ui.~fAk) + (ui, gfi ,k))/P, P(el)ij 

= -- (e ikUj ,k  + e j kUi , k ) ,  P(e2)ij = --vUm,k((Ui,kUj,m) + (Uj ,kUi,m)) ,  P(e4)ij = --2v(ui ,kUj,  mUk,rn), P(e3)i.i = 
12 

- v ( (Ui , kUm)Uj , km + (Uj ,kUm)Ui ,km) ,  Y(e)ij = --2v2(ui ,kmUj,km),  1-I(e)ij = -- -~((Uj,kP,ik) + (ui ,k.P,jk)) ,  D(e)ii = veij ,kk, 

T(e)i j = --v(Ui.kUj,mUk,rn),k; fl, coefficient of volumetric expansion; gi, free fall acceleration; e(r)i, dissipation term in 

the equation for the density of a turbulent heat flux; z, temperature pulsation; K = Ri i /2 ,  kinetic turbulence energy; 

Ri j  1 
e = eli , rate of dissipation of turbulence kinetic energy; bij - 2 K  ~ i j ,  tensor of anisotropy of Reynolds stresses; 

dij = ~e i - 13--6ij, tensor of anisotropy of dissipation processes; Pk = --RmnUm,n, generation of kinetic turbulence 

energy; Y+ = yu~/v ,  dimensionless distance from the wall; ur = (vU,ywall)1/2,  U ywall, gradient of the averaged 

velocity on the wall; 11b, 111b, and Fb, scalar invariants that determine the degree of anisotropy of pulsation motion: 

llb = -bikbki  / 2 ,  111b = bikbkmbmi/3, Fb = 1 + 9118 + 27Ii lb,  b 2 = bikbkj, b 3. = bikbkmbmj; 11d, 111d, and Fb, scalar 

invariants that determine the degree of anisotropy of dissipation processes: 11 d = - d i k d k i , / 2 ,  111 d = dikdkmdmi/3 ,  

F d = 1 + 911 d + 27I l ld ;  the subscripts b and d indicate the method for determining scalar invariants; XI = 

K "S S " 1/2, 1 -f~ ij ip normalized velocity gradient, Sq = ~(Ui, j  + UAi); a l ,  az, a3, a4, bl, b2, b3, b4, YI, ?'2, 73, Y4, Ys, Cs2, 

ale, aze, a3e, Cel, Ce2, and Ce, constants of the model. 
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